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Abstract—Smart microgrids offer a new challenging domain for
power theories and compensation techniques, because they include
a variety of intermittent power sources, which can have dynamic
impact on power flow, voltage regulation, and distribution losses.
When operating in the islanded mode, low-voltage smart micro-
grids can also exhibit considerable variation of amplitude and fre-
quency of the voltage supplied to the loads, thus affecting power
quality and network stability. Due to limited power capability in
smart microgrids, the voltage distortion can also get worse, af-
fecting measurement accuracy, and possibly causing tripping of
protections. In such context, a reconsideration of power theories
is required, since they form the basis for supply and load charac-
terization, and accountability. A revision of control techniques for
harmonic and reactive compensators is also required, because they
operate in a strongly interconnected environment and must per-
form cooperatively to face system dynamics, ensure power quality,
and limit distribution losses. This paper shows that the conservative
power theory provides a suitable background to cope with smart
microgrids characterization needs, and a platform for the devel-
opment of cooperative control techniques for distributed switching
power processors and static reactive compensators.

Index Terms—Conservative power theory (CPT), distributed
control, electronic power processors, power measurement, revenue
metering, smart microgrids.

I. INTRODUCTION

SMART grids represent one of the grand challenges at plane-
tary level. The infusion of information technology through-

out the electric grid creates new capabilities, with potential im-
pact on environment, science and technology, economics, and
lifestyle. The term “smart grid” outlines the evolution of elec-
trical grids and a change of paradigm in the electric market
organization and management [30], [31]. In a global perspec-
tive, implementation of smart grids and microgrids on a large
scale will result in dramatic improvement of electrical services
and considerable market increase.
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Technically speaking, smart grids include a number of dis-
tributed energy resources and electronic power processors,
which must be fully exploited to reduce carbon footprint, im-
prove power quality, and increase distribution efficiency [22],
[32], [34]. The smart-grid paradigm is therefore different from
the traditional one, based on the assumption of few power
sources with large capacity and sinusoidal supply. Especially in
smart microgrids (low-voltage smart grids with installed power
not exceeding the megawatt range), energy sources can be small,
distributed and interacting, and supply voltages can be asym-
metrical and distorted.

From the earlier considerations, it follows that facing the
problems of smart grids, and in particular of smart microgrids,
requires a revision of traditional power theories and a compre-
hensive approach to cooperative operation of distributed elec-
tronic power processors. This paper shows that the conserva-
tive power theory (CPT) offers a consistent framework to ap-
proach smart microgrid characterization and control problems.
In particular, the influence of frequency variation and voltage
distortion can be taken into account, and the load and supply
responsibility for reactive power, asymmetry, and distortion can
be analyzed, thus setting the basis for a revision for metering
and billing procedures.

II. CONSERVATIVE POWER TERMS UNDER PERIODIC

NONSINUSOIDAL OPERATION

The problem of defining power and current terms under non-
sinusoidal conditions dates back to some 80 years [1]. While
definition of active power and current terms was developed in
early 30s [2], definition of power and current terms related to
“reactive” and “harmonic” phenomena is still under discussion
and different solutions have been proposed depending on the
field of application [2]–[12]. The CPT, presented in [5], [25],
provides a background to approach the problem. The theory is
summarized hereafter by making reference to the definitions
given in Appendix.

Consider a polyphase network and let u and i be the vec-
tors of phase voltages and currents measured at a generic net-
work port, and �

u is the vector of unbiased voltage integrals
[definition (A1d)]. We define the following conservative quan-
tities (Appendix, Section II):

instantaneous power p = u ◦ i (1a)

instantaneous reactive energy w = �
u ◦ i. (1b)
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The corresponding average values are as follows:

active power P = p̄ = 〈u, i〉 (2a)

reactive energy W = w̄ = 〈 �
u , i〉. (2b)

It is worth noting that definitions (1b) and (2) hold irrespec-
tive of voltage and current waveforms, provided that they are
periodic. Moreover, computation of the quantities defined by (1)
and (2) is directly done in the time domain and requires integra-
tion and low-pass filtering only. Finally, since the conservation
property holds in general, active power and reactive energy are
additive quantities in every electrical network.

Application of (2) to basic passive network elements, consid-
ering properties (A3a) and (A3b), gives

resistor R: uR = RiR PR =
U 2

R

R
WR = 0 (3a)

inductor L: uL = L
�

i L PL = 0 WL = LI2
L =

1
2
ε̄L

(3b)

capacitor C : iC = C
�
u C PC = 0

WC = −CU 2
C = −1

2
ε̄C . (3c)

Thus, irrespective of voltage and current waveforms, resistors
absorb only active power, while inductors and capacitors take
a reactive energy, which is proportional to their average stored
energy ε̄L and ε̄C , respectively. Due to conservation property, in
passive networks the total active power absorption is obtained
by adding the power consumption of each resistor, while total
reactive energy is computed as total average inductive energy
minus total average capacitive energy.

Another relevant, though not conservative, power term char-
acterizing the network operation at a given port is the apparent
power A, defined by

A = UI (4a)

where U and I are the collective rms values of phase voltages
and currents, according to definition (A2c). Correspondingly,
the power factor λ is defined as follows:

λ =
|P |
A

. (4b)

In polyphase networks, the power and energy terms defined
by (1) and (2) do not depend on the voltage reference, whereas
apparent power and power factor depend on this choice. Irre-
spective of neutral wire, we adopt a voltage reference, which
provides unity power factor when the load is purely resistive
and symmetrical. This removes any ambiguity in the appar-
ent power definition and allows use of the power factor as an
index of power quality. To comply with this condition, in four-
wire systems, the neutral voltage u0 must be taken as reference
(u0 = 0), while in three-wire systems the voltage reference is set
at the center point of the phase voltages. Correspondingly, the
collective rms values U and I of phase voltages and currents

are expressed—irrespective of neutral wire—by

U =
√

〈u, u〉 =

√√√√
N∑

n=1

U 2
n I =

√
〈i, i〉 =

√√√√
N∑

n=1

I2
n .

(5)
Note that, in (5), only phase currents are considered, while

neutral current (i0) does not contribute to the summation. This
does not mean that neutral current is disregarded, inasmuch rms
phase currents are affected by homopolar terms, which reflect its
presence. Note also that, with the proposed selection of voltage
reference, the neutral current is not even affecting active power
and reactive energy.

III. CURRENT TERMS UNDER PERIODIC NONSINUSOIDAL

OPERATION

A. Basic Current Terms

Consider a generic port of a N-phase network and let un and
in be the voltage and current measured at phase n terminals. We
decompose current in so as to identify the terms related to active
power Pn and reactive energy Wn absorbed by phase n at the
given port.

1) The active current is the minimum phase current (i.e., with
minimum rms value) needed to convey active power Pn .
It is expressed by

ian =
〈un , in 〉
‖un‖2 un =

Pn

U 2
n

un = Gnun , n = 1, 2, . . . , N

⇒ Ia =

√√√√
N∑

n=1

I2
an =

√√√√
N∑

n=1

(
Pn

Un

)2

. (6)

In (6), term Gn = Pn/U 2
n is the equivalent conductance

of phase n. The active current has no impact on reactive
energy, as it can easily be shown from (6) and (A.3a).

2) The reactive current is the minimum phase current needed
to convey reactive energy Wn . It is expressed by

irn =
〈�
u n , in 〉
‖ �
u n‖2

�
u n =

Wn

�

U
2

n

�
u n = Bn

�
u n , n = 1, 2, . . . , N

⇒ Ir =

√√√
√

N∑

n=1

I2
rn =

√√
√√

N∑

n=1

(
Wn
�

U n

)2

(7)

In (7), term Bn = Wn/
�

U
2

n is the equivalent reactivity of
phase n. The reactive current has no impact on active
power, as it can easily be shown from (7) and (A3a.)

3) The remaining current term is called void current and is not
conveying active power and reactive energy. It is defined
by

ivn = in − ian − irn n = 1, 2, . . . , N. (8)

4) Orthogonality: All the aforementioned current terms are
orthogonal, thus

In =
√

I2
an + I2

rn + I2
vn ⇒ I =

√
I2

a + I2
r + I2

v . (9)
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B. Balanced Current Terms

As for conventional networks under sinusoidal operation, it
makes sense to identify the effects of supply voltage asymmetry
and load unbalance, because they both affect power quality. Of
course, under nonsinusoidal operation, the traditional approach
must be revised and this can easily be done based on the earlier
definitions. Notice, first of all, that we use term “unbalance” to
characterize the load attitude to perform asymmetrically in the
different phases. Instead, term “asymmetry” is associated to an
asymmetrical behavior of the supply seen from load terminals.

Irrespective of supply asymmetry, load unbalance, and wave-
form distortion, we define the following current terms.

1) The balanced active currents are the minimum currents
(i.e., with minimum collective rms value) needed to con-
vey total active power P absorbed at the port. They are
given by

iba =
〈u, i〉
‖u‖2 u =

P

U 2 u = Gbu ⇒ Ib
a =

P

U
. (10)

In (10), coefficient Gb = P/U 2 is the equivalent balanced
conductance. Note that these currents are the same that
would be absorbed by a symmetrical resistive load with
same active power consumption as the actual load.

2) Similarly, the balanced reactive currents are the currents
with minimum collective rms value needed to convey total
reactive energy W absorbed at the port. They are given by

ibr =
〈 �
u , i〉
‖ �
u ‖2

�
u =

W
�

U
2

�
u = Bb �

u ⇒ Ib
r =

W
�

U
. (11)

In (11), coefficient Bb = W/
�

U
2

is the equivalent bal-
anced reactivity. Note that these currents are the same that
would be absorbed by a symmetrical reactive load taking
same reactive energy as the actual load.

C. Unbalanced Current Terms

1) Unbalanced active currents are defined by difference

iuan =
(
Gn − Gb

)
un , n = 1, 2, . . . , N

⇒ Iu
a =

√√√√
N∑

n=1

(
Pn

Un

)2

−
(

P

U

)2

. (12a)

Clearly, these currents exist only if the load is unbalanced,
i.e., if the equivalent phase conductances differ from each
other. Note that the balanced and unbalanced active cur-
rents are collectively orthogonal, i.e.,

〈
iua , iba

〉
= 0 ⇒ Iu

a =
√

I2
a − Ib2

a . (12b)

2) Similarly, the unbalanced reactive currents are defined by

iurn =
(
Bn − Bb

)
�
u n , n = 1, 2, . . . , N

⇒ Iu
r =

√√√√
N∑

n=1

(
Wn
�

U n

)2

−
(

W
�

U

)2

. (13a)

These currents exist only if the equivalent phase reactivi-
ties differ from each other. The balanced and unbalanced
reactive currents are collectively orthogonal, thus,

〈
iur , ibr

〉
= 0 ⇒ Iu

r =
√

I2
r − Ib2

r (13b)

We collectively refer to unbalance currents as the sum of
active and reactive unbalance terms, which are orthogonal each
other. Thus,

iu = iua + iur ⇒ Iu =
√

Iu2

a + Iu2

r . (14)

D. Complete Current Decomposition

In conclusion, the phase currents can be split as follows:

i = iba + ibr + iu + iv . (15a)

All terms are orthogonal, thus,

I =
√

Ib2

a + Ib2

r + Iu2
+ I2

v . (15b)

We emphasize once more that the earlier definitions are valid,
and keep their physical meaning, for whichever voltage and
current waveform, supply asymmetry and load unbalance.

IV. POWER TERMS UNDER PERIODIC, NONSINUSOIDAL

OPERATION

From (15b), the apparent power defined by (4a) is decom-
posed as follows:

A2 = U 2Ib2

a +U 2Ib2

r +U 2Iu2
+U 2I2

v = P 2 + Q2 +N 2 +V 2

(16)
where P = UIb

a is active power, Q = UIb
r is reactive power,

N = UIu is unbalance power, and V = UIv is void power.
Note from (11) that the reactive power can be expressed as
follows:

Q =
U
�

U
W = ωW

√
1 + (THD (u))2

√
1 + (THD( �

u ))2
(17a)

where ω is angular line frequency and THD is total harmonic
distortion, i.e.,

THD (u) =

√
U − U f

U f
THD( �

u ) =

√
�

U −
�

U f

�

U f

.

(17b)

In (17b) U f and
�

U f are the collective rms values of funda-
mental phase voltages and their unbiased integrals, which are

related by U f = ω
�

U f .
Equation (17a) shows that, unlike reactive energy W, reactive

power Q is not conservative. In fact, it depends on local voltage
distortion.

Note finally that all current and power terms defined earlier
can be derived from basic phase quantities, namely, active power

Pn , reactive energy Wn , and rms voltage terms Un and
�

U n .
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These quantities are evaluated directly in the time domain and
can be measured by simple instrumentation.

Note also that the power terms defined by the CPT are
generally different from those considered in traditional me-
tering approaches. However, they provide an insight on rel-
evant physical phenomena, i.e., power consumption and en-
ergy storage, which should be taken into account for revenue
metering.

V. ACCOUNTABILITY

The CPT clarifies the meaning of active, reactive, unbalance
and void current, and power terms, and sets the basis for con-
sistent power measurements under asymmetrical and distorted
operation. In this section, we approach the accountability prob-
lem, i.e., the problem of separating supply and load responsi-
bility on the generation of unbalance and distortion. Consider
that, in general, current harmonics can be caused by inherent
load nonlinearity and/or by supply voltage distortion. Similarly,
asymmetrical currents can be generated by load and/or supply
voltage asymmetry.

In general terms, it is very difficult to develop a theory, which
is able to separate source and load contributions to distortion
and unbalance, when only measurements at the point of power
delivery [point of common coupling (PCC)] are available.
There are previous papers on the separation of load and source
responsibility on distortion [26]–[29], but it was not possible
to establish a theoretical background, which is valid in every
operating condition.

The CPT and related decompositions offer a viable tool to
establish an accountability approach, which gives some mean-
ingful information under practical operating conditions. For this
aim, let us assume a three-phase system and measure phase

quantities (Pn , Wn , Un , and
�

U n ) at PCC. We then estimate the
power terms (i.e., active, reactive, unbalance, and void power),
which would be absorbed by the load if it was fed by purely
sinusoidal and symmetrical voltages. This portion is accounted
to the load, while the rest is accounted to the supply. This simple
procedure is based on two assumptions.

1) First, we assume that supply voltage asymmetry and
distortion are not caused by the load. This is true only
if rated load power is much smaller than grid power
capability at PCC.

2) Second, we assume that equivalent phase parameters
Gn and Bn keep the same value irrespective of voltage
asymmetry and distortion. This corresponds to a very
rough approximation of load operation, which can, how-
ever, be refined if a more accurate load modeling is
available.

The fundamental positive-sequence voltages up
f at PCC can

be computed according to the procedure described in [24], which
only requires elementary operations in the time domain. Since
such voltages are sinusoidal and symmetrical, their rms value
Up

f is the same in all phases, thus: U p
f =

√
3Up

f . Moreover,
�

U
p

f = Up
f /ω.

According to the aforementioned assumptions, the active
power and current terms accountable to the load are as follows:

P�n = GnUp2

f ⇒ P� =
3∑

n=1

P�n = Up2

f

3∑

n=1

Gn

Ia�n = GnUp
f ⇒ Ia� =

√√
√√

3∑

n=1

I2
a�n = Up

f

√√
√√

3∑

n=1

G2
n . (18a)

Similarly, for reactive energy and current, the terms account-
able to the load are as follows:

W�n = Bn

�

U
p2

f ⇒ W�

=
3∑

n=1

W�n =
�

U
p2

f

3∑

n=1

Bn =

(
Up

f

ω

)2 3∑

n=1

Bn

Ir�n = Bn

�

U
p

f ⇒ Ir�

=

√√√√
3∑

n=1

I2
r�n =

�

U
p

f

√√√√
3∑

n=1

B2
n =

Up
f

ω

√√√√
3∑

n=1

B2
n . (18b)

From (18), we derive parameters Gb
� and Bb

� of the equiva-
lent balanced load and the corresponding balanced active and
reactive currents

Gb
� =

P�

3Up2

f

Ib
a� =

P�√
3Up

f

Bb
� =

W�

3
�

U
p2

f

Ib
r� =

W�ω√
3Up

f

. (19)

From (12b) and (13b), we can then compute the collective rms
values of the active and reactive unbalance currents. Given the
current components, we immediately derive the corresponding
power terms according to (16).

Note that also the void power should be revised for account-
ability, according to the procedure described in [25]. However,
this is needed only in those situations, not frequent in practice,
where the void power has a considerable amount compared to
other power terms. In all other cases, we assume Iv� ≈ Iv .

VI. REMOTE CONTROL OF DISTRIBUTED COMPENSATORS

The CPT sets also a basis for remote control of ev-
ery type of compensator, i.e., switching power compensators
(SPC) and static VAR compensators (SVC). SVC include
low-frequency compensators, like thyristor-switched capacitors
(TSC) , thyristor-controlled reactors (TCR), and static compen-
sator (STATCOM). SPC include high-frequency compensators,
like active power filters (APF) and switching power interfaces
(SPI), connected between energy sources and grid. The compen-
sation capabilities are different, since TSC are mostly used for
reactive compensation, while TCR allow reactive and unbalance
compensation [23]. STATCOM allow all types of low-frequency
compensation, while SPC operate in the multikilohertz range
and provide harmonic mitigation too [13], [21], [35].
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Fig. 1. Microgrid with distributed compensators.

In this section, we discuss the control methods applicable
to the various compensators under the assumption that they
are driven by conservative power and energy commands [16].
The use of control commands based on conservative quanti-
ties allows them to be partitioned and addressed to a vari-
ety of remote compensators, with the intent to take full ad-
vantage of the compensation capability distributed over the
network.

Fig. 1 gives a microgrid representation, where distributed
compensators are shown separately, while the other networks
components (distribution lines, transformers, loads, energy
sources, etc.) are included in box π. In this section, we sep-
arately analyze the control techniques applicable to SVC and
SPC [20].

A. Control of TSC

Each phase of a TSC is made up of a set of parallel branches,
each one including a capacitor in series with thyristor switch.
By switching ON and OFF the various branches, the total ca-
pacitance can be varied stepwise in the range 0 ≤ C ≤ Cmax .
Usually TSC operation is symmetrical and all phases show the
same capacitance C. Assuming a three-phase TSC with delta-
connected capacitors, according to (3c), the total reactive energy
absorbed by the compensator is as follows:

WTSC = −C
(
U 2

12 + U 2
23 + U 2

31
)

(20)

where U12 , U23 , and U31 are the rms line-to-line voltages. When
the TSC receives a reactive energy command, its controller de-
termines the needed capacitance from (20).

B. Control of TCR

A three-phase TCR is made up of three delta-connected
branches, each including an inductor Lmax and a thyristor
switch. By phase-controlling the thyristors, the equivalent phase
inductances are continuously regulated in the range 0 ≤ L ≤
Lmax . The TCR can, therefore, be represented by three control-

lable reactivities B12 , B23 , and B31 . According to (3b), the
total reactive energy taken by the TCR is as follows:

WTCR = B12
�

U
2

12 + B23
�

U
2

23 + B31
�

U
2

31 . (21)

If the TCR is required to provide reactive energy compen-
sation only, the three reactivities are set equal and their value
is determined from (21) based on line-to-line voltage measure-
ment.

A more complex situation occurs if the TCR performs un-
balance compensation too. In fact, the unbalance power defined
by (16) is not conservative, and is therefore not suitable for
remote control of TCR. A solution can be found by making ref-
erence to the sequence components defined in [24]. Consider,
in fact, that unbalance is considerably attenuated if the TCR
compensates for negative-sequence currents absorbed by the
load, and this can be achieved by a suitable choice of param-
eters B12 , B23 , and B31 . The problem is greatly simplified
by considering only the fundamental positive-sequence com-
ponent of the supply voltages (up

f ). In fact, the other voltage
components are useless for reactive power and unbalance com-
pensation and can be neglected for TCR control purposes. With
this assumption, the negative-sequence currents absorbed by the
TCR become

inf = −

∣∣∣
∣∣∣

B23 B12 B31
B12 B31 B23
B31 B23 B12

∣∣∣
∣∣∣
· �
u

p

f . (22)

Observing that currents inf do not change by adding a common
quantity to all rectivities, we can arbitrarily assume B31 = 0.
Let Up

f and In
f be the rms values of voltages up

f and currents
inf , respectively, the fundamental unbalance power is defined as
follows:

Nf = 3Up
f In

f . (23a)

From easy computations, we derive the relation between Nf

and parameters B12 and B23
⎧
⎪⎪⎨

⎪⎪⎩

Nf cos ϕn = −
√

3
Up2

f

2ω
B12

Nf sin ϕn =
Up2

f

2ω
(2B23 − B12)

(23b)

where ϕn is the phase displacement between voltage up
f 1 and

current inf 1 . It is worth noting that unbalance power terms
Nf cos ϕn and Nf sinϕn are conservative, thus they can be
used for remote control of SVC. The unbalance power com-
mand can be expressed in complex terms as follows:

Ṅf = Nf cos ϕn + jNf sinϕn . (23c)

When the TCR receives an unbalance power command, its
controller determines the values of B12 and B23 from (23b). If
they are both positive, the solution is acceptable. Otherwise, a
common quantity is added to B12 , B23 , and B31 to make two
of them positive and the third zero.

It can be demonstrated that unbalance compensation limits
the reactive power compensation capability of the TCR by an
amount up to 3Nf .
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Fig. 2. Concept scheme of cooperative control for distributed compensators.

C. Control of SPC

SPC are capable of high-frequency operation, i.e., they can
compensate for every power or current term (reactive, unbal-
ance, and void) also in presence of asymmetrical and distorted
supply [19]. For this purpose, they are driven by instantaneous
power and energy commands (pSPC and wSPC ). In three-phase
SPC, these commands are transformed into current commands
iSPC , considering that
⎧
⎪⎨

⎪⎩

u ◦ iSPC = pSPC
�
u ◦ iSPC = wSPC

3∑

n=1
iSPC
n = 0

⇒ iSPC =

∣∣∣
∣∣∣

u1 u2 u3
�
u 1

�
u 2

�
u 3

1 1 1

∣∣∣
∣∣∣

−1 ∣∣∣
∣∣∣

pSPC

wSPC

0

∣∣∣
∣∣∣
.

(24)
Current commands iSPC are then executed according to usual

current control techniques.

VII. COOPERATIVE CONTROL PRINCIPLE

The implementation of cooperative control is widely dis-
cussed in literature [14]–[19], [32]–[34]. Here, we do sum-
marize the principle of operation based on the application of
CPT [20]. The concept control scheme for distributed compen-
sators is shown in Fig. 2. It refers to a situation, where control
aims at improving the power factor at PCC by properly driving
all available compensators. The controller performs as follows.

1) First of all, the balanced active currents absorbed at PCC
are determined, according to (10), and taken as references
(iref ). In fact, all remaining current terms (reactive, unbal-
ance, and void) should be suppressed by the compensation
system.

2) References iref are then compared with actual currents
absorbed at PCC (iPCC ) to generate error signals ε, which
are processed by error amplifier Aε to generate internal
current references i∗.

3) References i∗, together with PCC voltages uPCC , are
then fed to sequence processor SP to extract fundamen-
tal positive-sequence voltages up

f and reference currents
ip∗r (fundamental positive-sequence reactive currents) and
in∗f (fundamental negative-sequence currents), to be com-
pensated by the SVC system.

4) The references for the SPC system are determined by
difference as: i∗s = i∗ − ip∗r − in∗f .

Fig. 3. Experimental three-phase four-wire circuit.

TABLE I
FUNDAMENTAL VOLTAGES FOR CASES I AND II

5) The SVC control generates total reactive power command
W ∗ and unbalance power command Ṅ ∗

f for the SVC sys-
tem. These commands are then distributed by power shar-
ing unit PSSVC among the various SVC according to their
type, compensation capability, and distance from PCC.

6) Similarly, the SPC control unit generates instantaneous
active power and reactive energy commands p∗s and w∗

s

for the SVC system. These commands are then distributed
by power sharing unit PSSPC among the various SPC,
according to their compensation capability and distance
from PCC.

VIII. APPLICATION EXAMPLES

A. Example 1—Revenue Metering

In order to analyze the proposed accountability approach, a
general purpose virtual instrument has been implemented, based
on dual-core PC and eight-channel acquisition board (DAQmx
PCI-6143-S, by National Instruments, Austin, TX). The analog
signals are measured by means of Hall-effect voltage and current
transducers (LV-25P and LA-55P, by LEM). The acquisition
routines are implemented by means of a graphical programming
language (LabView), while CPT calculations are implemented
in C++ and compiled into dynamic link libraries accessed by
LabView.

Fig. 3 shows the experimental setup, including programmable
ac voltage source, line impedance, linear, and nonlinear loads.
The measures are done at PCC. The selected line impedance
causes a voltage drop around 10% for rated load, corresponding
to a weak power grid, e.g., a smart microgrid. Four different
supply situations have been considered.

1) Case I—Symmetrical sinusoidal voltages.
2) Case II—Asymmetrical sinusoidal voltages.
3) Case III—Symmetrical nonsinusoidal voltages.
4) Case IV—Asymmetrical nonsinusoidal voltages.
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TABLE II
POWER TERMS MEASURED AT PCC AND ACCOUNTED TO THE LOAD FOR THE CIRCUIT OF FIG. 3

Fig. 4. Simulated network.

Table I shows the rms value and phase of fundamental volt-
ages applied in cases I and II. The phase voltages for cases
III and IV have the same fundamental component of cases I
and II, with the addition of third, fifth, seventh, and ninth har-
monics (the amplitude of each harmonic is 5% of fundamental
component).

The accountability approach of Section V was applied, and
Table II shows the results of power measurements at PCC and
the corresponding power terms accounted to the load.

1) Case I: In spite of the sinusoidal and symmetrical voltage
supply, the power terms accounted to the load are slightly
different from the measured ones. This is the effect of
the voltage drops across line impedances, which reflect
the asymmetry and distortion of load currents and affect
the voltages at PCC. Also, the computation of parameters
Gn and Bn is influenced by these voltage drops, thus
contributing to the differences between power terms. In
practice, since the THD of PCC voltages is less than 6%,
the power terms accounted to the load are very close to
the measured quantities.

2) Case II: The power terms measured to the PCC and ac-
counted to the load are now different, especially the ac-
tive power, which differs about 10%. This is the effect of
asymmetrical supply voltages and voltage drops on line
impedances, which cause asymmetry and distortion of the
voltages at PCC (phase voltages distortion is 9.7%, 5%,
and 8.5%, respectively).

3) Case III: In this case, the THD of phase voltages is
about 13%, while asymmetry is negligible (less than 1%).
Since terms Gn and Bn are moderately influenced by
voltage distortion, the power terms accounted to the load

are slightly different (less than 2%) from the measured
ones.

4) Case IV: This is the worst case, where phase voltages
are asymmetrical and distorted. The apparent and active
power accounted to the load are significantly lower than
those measured at PCC, due to the depuration of the effects
of voltage asymmetry and distortion. In particular, the
active power accounted to the load is 12% lower than that
measured at PCC.

B. Example 2—Cooperative Control

As an example of application of cooperative control, the net-
work of Fig. 4 was simulated. It includes unbalanced and distort-
ing loads, transmission lines, transformers, and compensation
units (fixed capacitor bank, TCR, and APF). The supply voltages
fed at PCC are asymmetric and distorted.

The network operation is first analyzed without any type of
compensation (t < 0.2 s). At t = 0.2 s, the SVC is turned ON
and compensates for reactive power and load unbalance. At
t = 0.6 s, also the APF is turned ON and compensates for the
remaining unwanted current terms. Finally, at t = 1.2 s, a sud-
den load change is introduced (control angles of thyristor rec-
tifier delayed by 50◦) to analyze control dynamics. The control
performs according to the principle discussed in the Section VI.

The system operation is described by making reference to the
voltage and current waveforms at PCC.

The asymmetry and distortion of supply voltages is appre-
ciable in Fig. 5, while Fig. 6 shows the current waveforms in
the initial situation, when all compensators are OFF. The high
current distortion is due not only to the thyristor rectifier but also
to the capacitor bank, which is supplied by distorted voltages.
The current asymmetry is due to load unbalance and voltage
asymmetry.

Fig. 7 shows the currents at PCC after turning ON the SVC.
Although distorted, the currents are now smaller than before,
due to the reduction of reactive and unbalance terms.

Fig. 8 shows the currents at PCC after turning ON the APF too.
Within the control bandwidth, the input currents now include
balanced active terms only and track the supply voltages with
good accuracy.

Finally, Fig. 9 shows the behavior of power factor λ at PCC.
Initially, the power factor is very low, due to unbalance, distor-
tion, and reactive power. The intervention of the SVC reduces
reactive and unbalance currents, thus the power factor steps up.
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Fig. 5. Line voltages at PCC.

Fig. 6. Line currents at PCC with SVC and APF turned OFF.

Fig. 7. Line currents at PCC with SVC turned ON.

Fig. 8. Currents at PCC with SVC and APF turned ON.

Fig. 9. Time behavior of power factor.

The power factor improves further, approaching unity, after in-
tervention of the APF, which removes every residual reactive
and unbalance currents together with void currents, including
those generated by the SVC. The effect of the load transient
on the power factor is minimal, showing that the system reacts
properly to a sudden active and reactive power variation.

IX. CONCLUSION

The paper shows that CPT provides a platform to approach
the problems of power measurement and compensation in smart
microgrids, where supply voltage distortion and frequency vari-
ation can considerably affect system operation.

Active and reactive current and power terms have been ini-
tially revisited to suit conditions, where voltages and currents
can be severely distorted. An extension to polyphase circuits has
also been discussed to identify the effects of supply asymmetry
and load unbalance.

An accountability approach has then been introduced, which
provides a criterion to separate load and supply responsibility
on the generation of active, reactive, and unbalance power.
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The application of CPT to remote control of compensators has
also been approached, showing that the theory is applicable to
every type of compensator and can be the basis for cooperative
control of distributed compensators in microgrids.

The accountability and control approaches have finally been
tested experimentally and by simulation, to show their capabil-
ities in a working scenario of practical interest.

APPENDIX

PERIODIC VARIABLES AND THEIR PROPERTIES

For periodic quantities (period T, frequency f = 1/T , and
angular frequency ω = 2πf ), we define the operators as
following:

Average value : x̄ = 〈x〉 =
1
T

∫ T

0
xdt (A1a)

Time derivative: �
x =

dx

dt
(A1b)

Time integral: x∫ =
∫ t

0
x (τ) dτ (A1c)

Unbiased time integral: �
x = x∫ − x̄∫ (A1d)

Internal product: 〈x, y〉 =
1
T

∫ T

0
xydt (A1e)

Norm (rms value): X = ‖x‖ =
√

〈x, x〉 (A1f)

Orthogonality: 〈x, y〉 = 0. (A1g)

For vector quantities x and y of size N, we define

Scalar product: x ◦ y =
N∑

n=1

xnyn (A2a)

Internal product:
〈
x, y

〉
=

N∑

n=1

〈xn , yn 〉 (A2b)

Norm: X = ‖x‖ =

√√√√
N∑

n=1

〈xn , xn 〉 =

√√√√
N∑

n=1

X2
n . (A2c)

The vector norm is also called collective rms value. The earlier
quantities have the following properties:

〈x,
�
x 〉 = 0 〈x,

�
x 〉 = 0 (A3a)

〈x,
�
y 〉 = −〈 �

x , y〉 〈x,
�
y 〉 = −〈 �

x , y〉 (A3b)

〈x, y〉 = −〈 �
x ,

�
y 〉 = −〈 �

x ,
�
y 〉. (A3c)

CONSERVATIVE POWER AND ENERGY TERMS

Considering network Π with L branches, a set of voltages
{u�}L

�=1 and currents {i�}L
�=1 is said to be consistent with the

network if they satisfy the Kirchoff’s Law for voltages (KLV)
and currents (KLC), respectively. It is easy to show that if branch

voltages u� are consistent with the network, the same happens
for quantities �

u � and �
u � . Similarly for branch currents i� and

related quantities
�

i � and
�

i � . According to the Tellegen’s theo-
rem, we can therefore affirm that every scalar product of KLV-
consistent terms u�,

�
u �, and �

u � and KLC-consistent terms

i� ,
�

i � , and
�

i � is a conservative quantity.
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